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Abstract

Stabilization of near-concentric high-finesse optical cavity

by

Chiew Wen Xin

B.Sc. (Hons) in Physics

National University of Singapore

This thesis presents a new approach to designing near-concentric optical cavities
to reach passive sub-Angstrom stability. Operating stability is crucial for using
high reflectivity mirrors in near-concentric cavities in order to achieve the strong
atom-photon coupling regime. We present our work on the evolution of cavity design
into a cage-like construction, culminating in a low-noise near-concentric optical
cavity with a high control bandwidth. Characterization of a outside vacuum puts
the cavity passive length fluctuation at 0.133(1) Å, a 10 times improvement over
previous revisions.
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CHAPTER 1. INTRODUCTION

Chapter 1

Introduction
40 years ago, Richard Feynman proposed a question [1]: is it possible to create

a computer that could exactly simulate the quantum nature of reality? Although

we grow up acquiring an intuition in classical physics, the world that we live in is

fundamentally described by quantum mechanics. Classical computers can at best

imitate quantum mechanics, but cannot simulate it. Feynman's question thus gave

birth to the idea of combining information technology and quantum mechanics,

becoming a major driving force in the creation of the �eld of Quantum Information

Science (QIS).

QIS recognizes that quantum e�ects can be exploited to look at information in

a di�erent way: rather than the individual 0 and 1 bits of classical computers, a

quantum computer considers a superposition of 0 and 1, also known as qubits, where

the phase information can be exploited as an additional degree of freedom. Qubits

have found use in communication and information processing: Currently, there

are mature �elds where practical applications have been proved possible in reality,

such as the quantum-secure communication channels in Quantum Key Distribution

(QKD) [ 2], and quantum computers utilizing qubits in the form of super-conducting

circuits [3, 4] and trapped ions [5].

The goal of QIS is the construction of a quantum network, which can be done by

assembling many qubits together in the form of spatially-separated nodes to store

and process information, and quantum channels to transmit information between the

nodes. A major challenge lies in construction of a quantum network: transmitting

the superposition information through the quantum channels without degradation

(decoherence). To solve this problem, photons are popular candidates as they can be
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CHAPTER 1. INTRODUCTION

molded into qubit states through well-established polarization optics, and can act

as quantum information carriers due to low decoherence rates. However, photons

generally do not interact with each other, making it di�cult for photons to act as

the nodes in a quantum network.

One possible solution lies in the use of trapped atoms as the nodes. Atoms have

well-de�ned atomic transitions that can be excited by photons with the correct

energy, thus provides an attractive platform in processing the quantum information

stored within photons. On the other hand, while atoms can interact with photons,

free-space interaction with �ying photons generally have low absorption probabilites

[6].

A simple yet elegant solution is to place the atom and photon between 2 mirrors,

re�ecting the photon between the mirrors such that it makes a substantial number

of passes at the atom, thereby increasing the probability of atom-photon interaction.

This 2-mirror setup is typically known as a Fabry-Perot resonator, and is the most

basic form of an optical cavity, constituting the backbone in the study of Cavity

Quantum-Electrodynamics (CQED).

Single-atom CQED studies the interaction of a single atom and photon con�ned

in a cavity. Ideally, perfectly-re�ective mirrors are used to trap the photon such

that the atom-photon interaction becomes deterministic. Practically, a cavity is

dissipative: it has several sources of loss that disrupts the interaction between the

atom and cavity �eld. A simpli�ed dissipative atom-cavity model can be constructed

by considering 2 main sources of loss: the cavity decay rate� which represents the

rate at which a photon is lost from the cavity, and the atomic decay rate
 which

describes the inherent spontaneous emission rate of the atom.

Figure 1.1: Simplifed dissipative model of an atom-cavity system

2



CHAPTER 1. INTRODUCTION

Here, g0 represents the atom-cavity interaction strength. It can be intuited

that a lossy system occurs when the interaction strength is much smaller than the

cavity and atomic decay rates (g0 � (�; 
 )). In this region, the interaction between

the atom and the photon is easily disrupted, and the system becomes decoherent.

Consequently, a coherent system is established when the interaction strength exceeds

the cavity and atomic decay rates (g0 � (�; 
 )). Naturally, a coherent system is

preferred when substantial exchange of information between the photon and the

atom is desired. The above conditions can be summarized in the cooperativity

factor, C:

C =
g2

0

2
�
(1.1)

which essentially describes the ratio of the coherent coupling rate to decoherence

rates. Under this formulation, we can de�neC < 1 as the weak coupling regime,

and C > 1 as the strong coupling regime.

While 
 is �xed by the choice of atom, g0 and � depends on cavity design.

Physically, one can imagine that a smaller spatial con�nement of the cavity �eld

(referred to as the mode volume,V) around the atom results in a strongerg0. Also,

a longer cavity and greater mirror re�ectivity lowers the rate at which photons are

lost from cavity transmissions, thereby resulting in a smaller� . Thus, optimization

of the g0 and � parameters are of central interest in cavity design.

The designs of optical resonators to probe single atom CQED have continually

evolved in various directions, such as the use of optical �ber-based Fabry-Perot

cavities [7, 8] and photonic crystal cavities [9]. Above just 2-mirror cavities, more

exotic designs have been employed, such as in microtoroidal resonators [10] and

bottle microresonators [11]. However, these designs generally employ the use of

small-scale resonators (µm scale) to minimize the spatial con�nement of the cavity

�eld. In this project, we will explore the use of a near-concentric Fabry-Perot cavity,

which can realize similarly small spatial con�nements even with a large cavity (mm

scale).

3



CHAPTER 1. INTRODUCTION

1.1 Relation to previous works

Cavity projects that utilize 2-mirror Fabry-Perot cavity setups generally use

near-planar con�gurations (where the length of the cavity is much smaller than the

radius of curvatures of the mirrors) due to its ease of alignment. In near-planar

cavities, 2 methods are generally used to maximize the cooperativity factor: (i) using

mirrors of higher re�ectivity to reach smaller � , and (ii) using small-scale cavities

to minimize V. That said, there exists an alternative geometrical con�guration

that can o�er much better cooperativity compared to near-planar setups, even with

mirrors of similar re�ectivity.

Figure 1.2: Plots of mode volume and� against length-to-radius ratio of an optical
cavity. While a near-planar setup can o�er a very small mode volume, the needed
length-to-radius ratio requires a very small cavity relative to the mirror radius.
Comparatively, a near-concentric setup can achieve an equivalently small mode
volume while o�ering much smaller� , even with a large length-to-radius ratio.

In previous works [12], it was found that a near-concentric con�guration (L � 2R)

can o�er the best combination of a strongg0 by minimising V while also minimising

� (Figure 1.2). In a near-concentric cavity, the geometrical constraints on the cavity

mode result in strong focusing of the cavity �eld at the center. Trapping an atom at

the center of a near-concentric cavity would then result in a strongg0 and therefore

4



CHAPTER 1. INTRODUCTION

a largeC. As the increase is purely due to a change in the geometrical con�guration,

a near-concentric cavity can reach the sameC as a near-planar cavity, even with

the use of mirrors with lower re�ectivity.

However, a major obstruction in near-concentric operation is its sensitivity

towards misalignment. The e�ect of transverse misalignment on cavity transmission

can be characterized by moving one mirror in the transverse direction [13]. For

a cavity with a �nesse of F = 627 (99.5% re�ectivity) and a length of 11mm, a

transverse displacement of60nm is su�cient to completely destroy the cavity mode,

thus the cavity design must be able to exhibit su�cient movement range to correct

for transverse misalignment. Additionally, the cavity length determines the cavity

resonant frequency: a cavity length change on the order of a fewÅ is enough to

disrupt interactions between the atom and cavity.

Based on the requirement for precise and su�cient transverse and longitudinal

movement, piezoelectric actuators are used to provide movement in 3 orthogonal

directions. Prior to this project, two previous revisions of near-concentric cavities

were designed, and constructed. Schematics of the two revisions are shown in

Figure 1.3.

Figure 1.3: Revisions 1 (left) and 2 (right) of near-concentric cavities constructed
in prior experiments. To correct for transverse misalignment, Revision 1 utilized a
piezostack, while revision 2 used a 3-axis �exural translational mount.

The �rst revision utilized a piezostack that allowed adjustment in the 3 orthogonal

directions with a movement range of up to5µm. The results of the �rst revision are

5



CHAPTER 1. INTRODUCTION

summarized in [12]. Brie�y, mirrors with a re�ectivity of 99.5% and R = 5:5mm

were used in constructing a near-concentric cavity, resulting in a maximum �nesse

of 627. In the ideal case, the cooperativity factor in this cavity can reachC = 2:8,

thus entering the strong coupling regime. However, it was realized that in trying

to reach an ultra-high vacuum environment, the baking process causes signi�cant

misalignment beyond5µm due to thermal expansion.

The second revision [13] utilized the same mirrors, but with a 3-axis �exural

translational mount, with a movement range of50µm to provide su�cient correction

to the expected transverse misalignment during the baking process. However, this

cavity exhibited a large amount of �uctuations in its cavity length, which resulted

in unstable operation. The noise is largely attributed to the complexity of the

machinery in the �exural stage, introducing a large amount of mechanical noise

during operation. Even with various forms of active compensation, the minimum

cavity noise achieved was1:6Å.

1.2 Goal of thesis

For a cavity �nesse ofF � 600, our calculations suggest that a su�ciently stable

near-concentric cavity has to exhibit a noise level below1Å in terms of cavity

length �uctuations. It appears that the current approach to correcting transverse

misalignment leads to cavity designs that are operationally noisy. Therefore, in this

thesis, we shall focus on the following objectives:

1. Devise an alternative approach to correcting cavity misalignment.

2. Use the alternative approach to design a new revision of a near-concentric

cavity. This new revision should not include any forms of complex machinery

to minimize any possibility of introducing signi�cant mechanical noise into the

cavity.

3. Construct and characterize the stability of the new revision.

6



CHAPTER 1. INTRODUCTION

1.3 Structure of thesis

In this thesis, we shall �rst explore the physics behind an atom-cavity system, and

derive certain important parameters to this system in Chapter 2. In Chapter 3, we

will describe the experimental methods involved in characterizing and maintaining

the stability of optical cavities. Following that, in Chapter 4, we will present the

current design of our near-concentric cavity, along with the considerations involved.

Thereafter, we present the results of the stability measurements of our cavity in

Chapter 5.

7



CHAPTER 2. THEORY OF OPTICAL CAVITIES

Chapter 2

Theory of optical cavities
Before beginning our journey into the stability of optical cavities, it is important to

establish a base knowledge on the workings of cavities. A review on the fundamental

principles of optical cavities will be covered, followed by a brief introduction into

the dynamics of atom-light interactions in am optical cavity.

2.1 A review on optical cavities

A basic optical cavity can be produced by placing 2 highly-re�ective mirrors

facing each other separated by lengthL, forming a Fabry-Perot resonator as shown

in Figure 2.1

Figure 2.1: A 2-mirror planar Fabry-Perot resonator. The red arrows represents
the path of a photon trapped in the cavity. For mirrors of non-unity re�ectivity, a
certain amount of the incident beam will be re�ected and transmitted through the
cavity.

The high re�ectivity of the mirrors allows the photon to make multiple round

trips before exiting the cavity. One can directly follow the optical path of a photon

to determine the transfer function of a cavity. For every round trip, the �eld acquires

8



CHAPTER 2. THEORY OF OPTICAL CAVITIES

an additional phase ofe� 2i (nkL ) = e� 2i� (for propagation in vacuum where n =

1), wherek represents the wavevector of the �eld related to its spatial frequency

(k = 2��
c ). Using mirrors of re�ectivity r and transmittivity t (jr j2 + jtj2 = 1), the

transmitted �eld can be derived:

E trans = E0jt j2e� i� (1 + jr j2e� 2i� + ( jr j2e� 2i� )2 + :::)

=
E0Te� i�

1 � Re� 2i�

(2.1)

where jtj2; jr j2 = T; R. Therefore, the cavity transfer function (T ), de�ned as

the ratio between the transmitted �eld and the incident �eld, can be expressed as:

T (� ) =
Te� i�

1 � Re� 2i�
(2.2)

Experimentally, the intensity of the �eld is measured, rather than the �eld

amplitude. It would be more practical to consider the square of the cavity transfer

function, which represents the ratio between the transmitted and incident intensities.

jT j2 =
I trans

I 0

=
(1 � R)2

(1 � R)2 + 4R sin2(� )

=
1

1 +
�

2F
� sin(� )

� 2

(2.3)

where we de�ned new parameter,F , as the �nesse of the optical cavity:

F =
�

p
R

1 � R
(2.4)

Equation 2.4 provides a physical intuition to the �nesse: the �nesse parameter

increases as the re�ectivity of the mirrors is increased. Conventionally, �nesse is

used to characterise the ability of the optical cavity to trap an electric �eld.

From the cavity transfer function, there are a few cavity parameters that can be

extracted. The transmitted intensity obtains a maximum when� = m� , wherem is

any integer. This condition can also be re-written to represent the cavity resonant

frequencies as a function of the cavity length:

9



CHAPTER 2. THEORY OF OPTICAL CAVITIES

� = m
c

2L
(2.5)

Indeed, this result is consistent with the resonant conditions required for standing

waves of the formU = U0 sin(kz) to constructively interfere within the cavity, under

the boundary conditionsU = 0 where z = 0; L. Accordingly, by setting m = 1,

we can de�ne the the frequency free spectral range (FSR) as the spacing between

adjacent resonant frequencies:

� fsr =
c

2L
(2.6)

In addition to de�ning the free spectral range in terms of frequency spacings, we

can also consider the dependence of cavity length on the spatial wavelength of the

cavity �eld. Under the standing wave condition, only wavelengths that are integer

multiples of half-wavelengths will constructively interfere. As such, it is helpful to

de�ne the length free spectral range:

L fsr =
�
2

(2.7)

Plotting the transmission - For a high �nesse cavity (F � 1), the corre-

sponding high re�ectivity ensures that the photon remains within the cavity for an

extended period of time. In this case, the cavity transmission linewidth is expected

to be particularly narrow. The transmission linewidth can be modelled by consid-

ering a small detuning from resonance, and Taylor-expanding the sine function in

Equation 2.3 to �rst order in �� :

jT j2 �
1

1 +
�
2F ��

� F SR

� 2 (2.8)

The resulting transmission intensity can be modelled as a Lorentzian distribution,

shown in Figure 2.2. The transmission intensity is halved when�� = 1
2

� fsr

F . This

detuning corresponds to the Half-Width Half-Maximum (HWHM) of the Lorentzian

peak. Typically, linewidths are de�ned by the Full-Width Half-Maximum (FWHM).

10



CHAPTER 2. THEORY OF OPTICAL CAVITIES

Figure 2.2: Plots of Equation 2.3 (bold lines) and Equation 2.8 (dotted lines) for
varying degrees of �nesse. Observe that at justF = 10, the Taylor expansion already
holds well.

For F � 1, we can therefore de�ne the linewidth of the optical cavity as a function

of the free spectral range and the �nesse.

�� �
� fsr

F
(2.9)
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2.2 CQED: The Jaynes-Cummings Hamiltonian

A full treatment of CQED can be consulted in [14]. In this section, the essential

components necessary to establish a su�cient understanding of atom-cavity interac-

tions is explored.

In the scheme of single-atom CQED, it is customary to begin with the basic

Jaynes-Cummings (JC) model, which considers the interaction between a single

atom and an Electromagnetic (EM) wave con�ned in a cavity. As atoms are discrete

systems with several well-de�ned transitions, it is possible to target speci�c atomic

transitions by using speci�c frequencies of light. By targeting a speci�c transition,

an atom can be treated as a 2-level system de�ned by the ground and excited states.

For the cavity �eld, an electromagnetic �eld bounded by a cavity can be described

as a harmonic oscillator (HO). The JC Hamiltonian can then be written as:

HJC = Hcavity + Hatom + H interaction

= ~! caya + ~! a� + � � + ~g0

�
ay + a

� �
� � + � +

� (2.10)

where ! c and ! a represent the resonant frequencies of the cavity and atom

respectively, andg0 represents the atom-cavity interaction strength. Here,ay and a

represent the creation and annihilation operators for the cavity HO �eld, while� +

and � � represent the raising and lowering operators between the ground and excited

states of the atom. In the rotating-wave approximation (RWA), by ignoring the

fast-oscillating terms (! c + ! a) that do not contribute to the dynamics of interest in

the system, the total Hamiltonian can be written as follows:

HJC = ~! caya + ~! a� + � � + ~g0

�
ay� � + a� +

�
(2.11)

One can physically interpret the interaction term as the atom and cavity �eld

exchanging one quantum of excitation, at a rate proportional tog0. Following the

quantization of the EM �eld, we can deriveg0:

g0 =
s

! c

2� 0V~
deg (2.12)
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Here, deg refers to the dipole matrix element between the ground and excited

atomic states, andV corresponds to the e�ective mode volume of the cavity �eld.

Importantly, in order to maximize g0, we can choose to minimizeV, which can be

reduced via cavity design.

2.3 A damped atom-cavity system

The Jaynes-Cummings model considers an ideal atom-cavity system without loss.

In reality, there are many sources of loss, thus we shall consider the same simpli�ed

dissipative atom-cavity model as discussed earlier, which considers the cavity and

atom losses.

Figure 2.3: Simplifed dissipative model of an atom-cavity system

The total cavity model now has 2 additional terms: the atomic decay rate, and

the cavity decay rate. The atomic decay rate
 depends on inherent spontaneous

emission rate of the atom, thus is �xed by the choice of atom in the setup. The

cavity decay rate� is de�ned as:

� =
�c

2LF
(2.13)

The cavity decay rate� is related to the lifetime of a photon within the cavity:

the longer the cavity photon remains trapped within the cavity, the smaller� is.

Physically, it can be intuited from Equation 2.13 that both a longer cavity length

and a higher �nesse (ie. higher mirror re�ectivity) results in longer optical path

lengths, therefore one should expect an decrease in the cavity decay rate.
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For systems whereg0 � (
; � ), the system operates in the weak coupling regime,

where the rate of photon loss from the system exceeds the rate of coherent interactions

between the atom and the cavity �eld. However, for quantum information processing,

it is necessary to operate the system in the strong coupling regime, whereg0 � (
; � ).

In the strong coupling regime, the atom emits and reabsorbs a resonant photon

faster than the rate at which it is lost, enabling coherent atom-cavity interactions.

For the sake of CQED experiments, the strong coupling regime thereby becomes the

goal of our optical cavity.

2.4 Cavity con�gurations

Up until now, we've assumed that the cavity takes the form of 2 planar mirrors

facing each other. In practice, for planar mirrors of a �nite size, a small misalignment

either with the input beam or between the mirrors can quickly cause the cavity

�eld to be re�ected out of the cavity. It is therefore typical that optical cavities are

formed with curved mirrors under the appropriate geometrical conditions to provide

a more stable con�guration, con�ning the cavity �eld within the cavity dimensions.

These geometrical conditions can be expressed in the form of the Stability Criterion:

0 �
�

1 �
L
R1

� �

1 �
L
R2

�

� 1 (2.14)

whereL represents the length of the cavity, whileR1 and R2 represent the radius

of curvatures of the 2 mirrors. A stable cavity con�guration is obtained only when

the stability criterion is ful�lled (as described by the shaded region in Figure 2.4

below), where the intracavity beam is periodically re-focused. On the other hand,

unstable con�gurations occur when the beam size grows without limit, eventually

growing out of the cavity mirrors.

Within the subset of stable symmetric con�gurations, of interest are the 2 con�g-

urations that lay on the edge of the stability criterion: the near-planar con�guration

(L � R), and the near-concentric con�guration (L � 2R). Note that achieving an

exact cavity length of L = 2R is impractical, thus we shall de�ne a new parameter,

d, called the critical distance, whered = 2R � L. For d = 0, the cavity is perfectly

concentric.
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Figure 2.4: Stability criterion for 2-mirror optical cavities, whereg1 = (1 + L
R1

),
g2 = (1 + L

R2
). All stable con�gurations can be described within the shaded region.

Symmetric con�gurations lie along the line whereg1 = g2.

Figure 2.5: A symmetric near-concentric cavity with mirrors of radiusR, where the
critical distance (red) is de�ned as the gap away from concentricity:d = 2R � L.

The near-planar and near-concentric con�gurations are given particular focus

due to their ability to reach small V through geometrical considerations (as shown in

Figure 1.2). The spherical boundary conditions imposed by the curved cavity mirrors

restrict the cavity transverse modes to the family of Gaussian modes (Appendix A),

therefore allowing us to characterize the beam waist at the center of the cavity as
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that of a Gaussian beam. Fundamentally,V describes the spatial con�nement of the

light �eld within the cavity. Thus, a smaller beam waist leads to a smaller mode

volume, which in turn results in a strongerg0. For the fundamental Gaussian mode

pro�le in a symmetric cavity, the beam waistw0 can be expressed as a function of

the cavity length L and radius of mirrorsR.

w2
0 =

�L
2�

s
2R
L

� 1 (2.15)

For a near-planar con�guration whereR � L, the beam waist can be approxi-

mated such that:

w2
0 =

�
2�

p
2RL (2.16)

Whereas for a near concentric con�guration, where2R � L = d � 1, the beam

waist becomes:

w2
0 =

�
2�

p
2Rd (2.17)

In both expressions, the beam waists of a near-planar and a near-concentric

con�guration are limited by L and d respectively. In the near-planar case, achieving

a small w0 requires that L is small, thus near-planar cavities are relatively small

in size to realize a smallV . On the other hand, reaching a similarly smallw0 in a

near-concentric cavity is limited byd. The main limiting factor is then being able

to operate a near-concentric cavity with the smallestd possible. In which case, the

cavity can be relatively large-scale and still be able to achieve a smallV .

A near-concentric con�guration presents an alternative solution to minimizing a

cavity's mode volume. The challenge then lies in operating a stable near-concentric

cavity while keeping the critical distance as small as possible: this requires the use

of stability controls in regulating the length of the cavity. Note that cavity stability

here (and going forward) does not refer to the stability criterion in any way: It refers

to the noise of the cavity, characterized by �uctuations in cavity length. As such, in

the next chapter, we shall discuss methods used to control the stability of optical

cavities.

16



CHAPTER 3. STABILITY OF AN OPTICAL CAVITY

Chapter 3

Stability of an optical cavity
When one says that an optical cavity is stable, it means that the cavity's resonant

frequency does not change much from a desired value. In this project, a stable cavity

is desired in order to facilitate atom-light interactions. For experiments involving

coherent atom-light interaction, speci�c atomic transitions are targeted, thus the

cavity is required to operate at a particular resonant frequency to exactly match the

targeted atomic transition. As derived in the previous section, the cavity resonant

frequency is described by� = m c
2L . This shows that an optical cavity's resonant

frequency depends on the length of the cavity: any length change causes a shift in

its resonant frequency. Thus, a stable cavity is one that has small length �uctuations.

Error signal - In practice, a cavity is generally not perfectly stable, exhibiting

some length �uctuations. Due to these length changes, there is always a di�erence

between the desired frequency (set point) and the actual cavity resonant frequency

(actual point). A signal that describes the di�erence between the set point and

the actual point is referred to as an error signal. This signal is then fed back

into the system to correct the misalignment between the set and actual values.

Consequently, a cavity error signal is required to correct the actual cavity resonant

frequency to the target frequency. Once the error signal is obtained, a Proportional-

Integral-Derivative (PID) controller applies the appropriate correction to minimize

the di�erence between the set point and actual point (an action referred to as locking

the system to the set point).

A candidate for a cavity error signal is the transmission of a cavity, as the

transmission decreases with detuning of the incident frequency from the cavity

resonance (Figure 2.2). One can then refer to the relative position between the
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Figure 3.1: Plot of cavity transmission, and its derivative, as a function of detuning.
The red dotted line represents the desired frequency. Notice that for small detuning,
the transmission corresponds to both a positive and a negative detuning, while the
transmission derivative corresponds to either a negative or positive detuning.

transmission peak and the current transmission to obtain the detuning from the

set point. However, the symmetry about the peak results in a one-to-two relation

between the transmission amplitude and the magnitude of detuning. Using the

transmission alone does not allow us to di�erentiate between a positive or negative

detuning of the same magnitude from the desired frequency. Practically, this means

that one cannot hope to ascertain whether the cavity length became smaller or

bigger, making it impossible to adjust the cavity length to the desired value based

solely on the cavity transmission.

On the other hand, taking the derivative of the transmission curve results in

anti-symmetry around the desired frequency. For a small enough cavity detuning,

the amplitude-detuning relation is one-to-one, thus one is able to identify both the

magnitude and direction of detuning. Such plots are therefore prime candidates to

be cavity error signals. To obtain similar cavity error signals in practice, a popular
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technique is the Pound-Drever-Hall (PDH) locking technique. In the next section,

we will go through the general principles of the PDH technique.

3.1 Pound-Drever-Hall locking technique

Brie�y, the PDH technique [15] involves sending a frequency-modulated beam

into a cavity, collecting the back-re�ection o� the cavity with a photodiode, and

mixing the back-re�ection signal with the modulation signal to obtain a cavity error

signal. Note that the PDH technique can either be used to lock the laser frequency to

the cavity resonance, or to lock the cavity length to the input laser frequency. While

both are conceptually equivalent, the experimental setup is slightly di�erent, thus it

is important to make a distinction between the 2 implementations. Historically, the

�rst implementations of the PDH technique involved locking unstable lasers to the

resonant frequency of extremely stable, temperature-controlled cavities, transferring

the cavity stability to the laser [16]. Thus, we will �rst introduce how a laser

frequency is locked to a stable cavity resonance.

A description of the setup for the PDH technique is shown in Figure 3.2. The

PDH technique requires that the input beam undergoes Frequency-Modulation

(FM). One of the most common methods of implementing frequency modulation on

an optical beam is by the use of an Electro-Optical Modulator (EOM). The basic

construction of an EOM consists of a electro-optical crystal where its refractive

index undergoes a change with an applied electric �eld, placed between 2 plate

electrodes. By applying an AC voltage to the electrodes, a fast-oscillating electric

�eld is generated between the crystal, resulting in rapid changes to the refractive

index, hence introducing a phase modulation into the input beam.

To see how this works, consider a input beam of frequency! .

E in = E0ei!t (3.1)

Suppose a sinusoidally varying potential voltage is applied to the EOM, with

frequency! m and modulation index� . For FM spectroscopy, the modulation index
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Figure 3.2: PDH setup for locking laser frequency to the cavity resonance. A local
oscillator (LO) feeds an AC signal into the Electro-Optical Modulator (EOM), which
modulates the laser frequency. The back-re�ection o� the cavity is collected by a
photodetector. Isolators are implemented to prevent unwanted feedback into the
laser source. The back-re�ection signal and modulation signal is demodulated via
the mixer and passed through a low-pass �lter, generating an error signal. The servo
amp reads the error signal and applies the necessary adjustments to the laser output
frequency, thus completing the feedback loop.

is generally small (� � 1), thus only the 1st order terms in� needs to be kept in

the Taylor expansion.

E = E0ei!t + � sin ! m t

� E0ei!t

"

1 +
�
2

ei! m t +
�
2

e� i! m t

#

(3.2)

Post-modulation, the output beam now consists of 3 frequencies: the main carrier

frequency! c, and 2 additional frequencies! c � ! m , which are commonly referred to

as the sideband frequencies. Physically, they can be considered as 3 separate beams

travelling on the same path. The modulated beam is then incident on the cavity. As

with the cavity transmission transfer function in Equation 2.2, the transfer function

of the re�ection from the cavity can also be derived.
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F (! ) =
r (ei 2� � 1)
1 � r 2ei 2�

(3.3)

Equation 3.3 represents the cavity re�ection as a function of the beam frequency

! (� = 2!L
c ). When the modulated beam reaches the cavity and is re�ected, each

frequency component will be transformed byF (! ):

Eref l = E0

"

F (! )ei!t + F (! + ! m )
�
2

ei (! + ! m t ) + F (! � ! m )
�
2

ei (! � ! m t )

#

(3.4)

A detector records the intensity of the re�ected �eld, given by:

I r = jEref l j2

= P0fj F (! )j2 +
� 2

4
[jF (! + ! m )j2 + F (! � ! m )j2]g

+ P0
�
2

Re[F (! )F � (! + ! m ) � F � (! )F (! � ! m )] cos! m t

+ P0
�
2

Im[F (! )F � (! + ! m ) � F � (! )F (! � ! m )] sin ! m t

(3.5)

Looking at Equation 3.5, the intensity can be split into 3 lines: the �rst line

corresponds to a DC component from the carrier, while the 2nd and 3rd lines are

AC components oscillating at the modulation frequency! m . The AC components

carry information about the phase of the carrier encoded in�F (!; ! m ) = F (! )F � (! +

! m ) � F � (! )F (! � ! m ), hence we shall focus on them. One of the oscillating terms is

cosine, and the other is sine, either of which becomes more signi�cant when di�erent

values of! m are used.

Slow Modulation Regime - At low modulation frequencies (! m � ! ), the

F (! � ! m ) terms can be Taylor-expanded, such that�F can be expressed as:

�F (!; ! m ) �

"

F (! )
dF � (! )

d!
+ F � (! )

dF (! )
d!

#

! m

=
djF (! )j2

d!
! m

(3.6)

�F is purely real, thus only the cosine term is important. This is referred to as

the slow modulation regime. Notice that the output signal is the derivative of the
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re�ection transfer function, thus makes a good error signal (similar to the derivative

of the transmission as seen in Figure 3.1).

Fast Modulation Regime - At high modulation frequencies,! m is large enough

that the sidebands are fully re�ected. In this case,F (! � ! m ) � � 1, and �F can be

expressed as:

�F � � F (! ) + F � (! )

= � 2i Im [F (! )]
(3.7)

As �F is fully imaginary, only the sine term is important. This region is referred

to as the fast modulation regime. In either case, both the sine or cosine component

can be used to generate an error signal.

Generating an error signal - To extract an error signal from the AC com-

ponents, the AC signal from the detector is demodulated by mixing it with the

original modulation signal via a mixer, and passing it through a low-pass �lter. An

additional mixing delay � can be added to the phase of the modulation signal at the

mixing stage to select either the sine or the cosine term. Mixing 2 signals simply

means to multiply the signals, hence the mixer output can be calculated to be a

function of � :

I r =
P0�

4
Re[ �F (!; ! m )] sin � +

P0�
4

Im[ �F (!; ! m )] cos� (3.8)

where the2! m terms are terminated using the low-pass �lter. As with Equa-

tion 3.8, the choice of the mixing delay� allows us to select either the sine or the

cosine term as the mixing output. Speci�cally, at� = 0 � and at � = 90� , only

the cosine term or the sine term remains respectively (commonly referred to as the

in-phase and quadrature components respectively).

A good error signal in a control system requires a well-de�ned set-point, and a

steep linear response for small amounts of detuning from the desired set-point. A

steeper slope is preferred as small detunings are more easily discerned. Plotting the

mixer outputs in Figure 3.3, we can see that the error signals obtained from the

cavity re�ection is zero at resonance (typically referred to as the zero-crossing point).
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Figure 3.3: Plots of the mixer outputs at fast and slow modulation regimes. In
signal terminology, the0� outputs are referred to as the in-phase components, while
the 90� outputs are referred to as the quadrature components.

In particular, in the fast modulation regime, the in-phase cavity error signal also

ful�lls the requirement for a steep linear slope around the zero-crossing point, thereby

constituting a good error signal in locking the laser frequency to the cavity resonance.

Notice that the cavity error signal looks very di�erent depending on the mod-

ulation regime, especially with the appearance of secondary zero-crossings in the

fast modulation regime. In the fast modulation regime, as! res + ! m is large enough

such that the sidebands are fully re�ected when the carrier frequency is resonant

with the cavity, there are secondary zero-crossing points when the detuning from

resonance is equal to the modulation frequency (�!=! m = 1). This sees use as a

conversion ruler (as will be discussed in a later section).

Additionally, as discussed at the start of this section, while initial applications of

the PDH technique involved locking an unstable laser frequency to a stable cavity

resonance to transfer the cavity stability to the laser, the reverse can also be done:

to lock an unstable cavity to a stable laser frequency. The process is similar, except

that the feedback through the mixer is fed into the cavity length controller rather

than the laser.
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3.2 Atomic FM Spectroscopy

Alternatively, FM spectroscopy can also be applied to lock a laser frequency to a

much more stable atomic transition, which is referred to as atomic FM spectroscopy.

A standard atomic FM spectroscopy method lies in the use of Saturation Absorption

Spectroscopy [17], which involves propagating a strong pump beam through an

atomic vapour to saturate the atomic absorption, then using a counter-propagating

weak probe beam to probe the Doppler-free absorption spectrum. The probe beam

is then modulated to obtain an error signal.

Modulation Transfer Spectroscopy - An alternative method lies in Modu-

lation Transfer Spectroscopy (MTS) [18], where the the pump beam is modulated

instead of the probe beam. The modulation is transferred to the probe beam via a

non-linear process known as Four-Wave Mixing (FWM). As the pump beam modu-

lation is transferred to the probe beam only when the probe beam frequency is near

an atomic transition, MTS produces error signals that are virtually background-free.

Figure 3.4: Setup for MTS of Rubidium. The pump beam is modulated through
the EOM, then saturates the Rb gas cell. The modulation is transferred to the
probe beam by four-wave mixing only when it is resonant with an atomic transition.
The probe beam intensity is then collected onto a photodiode and mixed with the
modulation frequency (with some mixing delay� ) to generate an error signal.

Similar to the PDH technique, the detected intensity contains an AC and DC

component. Focusing on the AC component, the detected intensity is:
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I (t) /
C

q
� 2 + ! 2

m

[(L � 1 � L � 1=2 + L1=2 � L1) cos(! m t)

+ ( D1 � D1=2 � D � 1=2 + L � 1) sin(! m t)
(3.9)

where

Ln =
� 2

� 2 + (� � n! m )2
(3.10)

Dn =
�( ! � n! m )

� 2 + (� � n! m )2
(3.11)

Here, � represents the natural linewidth of the atomic transition, and� rep-

resents the frequency detuning from line centre. See that the output intensity

(Equation 3.9) has a similar form to that from the PDH technique. By a similar

method of demodulating through mixing, it is possible to obtain error signals derived

from the atomic transitions of the atomic vapour.

Putting atomic FM spectroscopy and the PDH technique together, it becomes

possible to transfer the strong inherent stability of atomic transitions to the laser

through atomic spectroscopy, and transfer that same stability to a cavity through

the PDH technique. This is particularly useful in atom-cavity experiments when

speci�c atomic transitions are needed, as this sequence of methods can be used

to ensure the cavity resonant frequency corresponds exactly to the desired atomic

transition.

3.3 Extracting the mechanical noise of a cavity

As discussed, the combination of atomic spectroscopy and PDH technique allows

the transfer of the atomic transition stability to stabilizing noisy cavities. However,

what makes a cavity noisy? Cavity noise can be separated into two major components:

the drift in cavity length due to temperature variations, and the mechanical noise

from the operation of mechanical systems in the cavity. As drift is a rather slow
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e�ect, it can be accounted for by locking the cavity to an atomic transition using

the aforementioned methods, as atomic transitions do not change over time.

As for mechanical noise, due to the requirement for small and precise length

adjustments in optical cavities, piezoelectric actuators are generally used to control

the cavity length, and therefore become a major source of mechanical noise. This

source of noise causes vibrations in the cavity, changing the cavity length continuously.

As the cavity length is directly linked to the cavity resonant frequency, an unstable

cavity results in inconsistent performance when used in atom-cavity experiments that

target a speci�c atomic transition. While the induced vibrations can be somewhat

reduced by passive isolation, these vibrations are hard to control, thus special care

must be given to characterizing the mechanical noise of a system.

3.3.1 Frequency-to-Length conversion

As the error signals describe cavity detunings in terms of frequency, we require a

frequency-to-length conversion in order to describe cavity noise in terms of more

intuitive length �uctuations. To relate a change in cavity length (�L ) to a change

in its resonant frequency (�� ), we can link the length FSR (Equation 2.7) to the

frequency FSR (Equation 2.6):

�L =
L fsr

� fsr
��

=
�L
c

��
(3.12)

This presents a simple conversion factor from �uctuations in the resonant fre-

quency to the physical �uctuations in the cavity length. This factor can be used in

conjunction with various other conversion factors (see below) to convert the voltage

readings on an oscilloscope to a more intuitive cavity length �uctuations.

Noise factor - Additionally, we can quantify the extent of the mechanical noise

by re-arranging Equation 3.12 to de�ne a noise factor:

� noise =
�!
2�

=
�L
�= 2

F (3.13)

where�! = 2�� . Physically, the noise factor represents the change in resonant

frequency with respect to the linewith of the cavity2� : a noise factor of 1 (� noise =
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�!
2� = 1) implies that the �uctuation in cavity resonance is equal to its linewidth.

Alternatively, the noise factor can also be understood as the relative change in cavity

length (the mechanical noise) with respect to the length free spectral range, scaled

by the cavity �nesse. For this project, we propose a goal noise factor of� noise � 0:2

as the noise target. This can be intepreted as keeping the mechanical noise to be

less than 20% of the cavity linewidth. For a cavity �nesse ofF = 620, the goal

cavity length �uctuation is then �L � 1:2Å.

3.3.2 Conversion from measurement

Experimentally, rather than observing the cavity length change in terms of

frequency, the measured values are in fact the voltage �uctuations of the error signal.

To this end, a voltage-to-frequency conversion factor must be determined to convert

from the voltage to frequency �uctuations. One possible method is by utilizing the

error signal generated from the PDH technique.

Figure 3.5: Experimental plot of a cavity error signal with secondary zero-point
crossings (green dotted lines) observed on an oscilloscope. Obtained from a cavity
with linewidth �� = 2:6MHz, and modulation frequency! m = 20:1MHz. Notice that
the zero-point crossings on both the positive and negative detunings are equidistant
from the central frequency, with time spacing corresponding to! m .
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By driving the laser with a periodic ramp signal, the error signal in Figure 3.5

can be acquired. As alluded to previously, the secondary peaks observed in the

fast modulation regime are detuned from the zero-crossing point by the modulation

frequency! m . Since the error signal is collected as a function of time rather than

of frequency, the linearity of the driving signal in time means that we are able to

extract the conversion factor from time scale to frequency. The linearity of the error

signal around the zero-crossing point also allows a straightforward conversion from

voltage to time. Combining all of the aforementioned conversion factors, we're then

able to obtain a conversion factor from voltage �uctuations in the error signal to

cavity length �uctuations.

3.3.3 Conversion in the slow modulation regime

A requirement in generating the secondary peaks in the cavity error signal is to

be in the high modulation regime, where the generated sidebands are fully re�ected.

However, cavities with low �nesse have large linewidths, hence the sidebands are not

fully re�ected, and the error signal exists in the slow modulation regime.. In this case,

the secondary zero-point crossings cannot be observed, and the voltage-frequency

conversion factor cannot be obtained from the cavity error signal alone.

In such cases, the error signal derived from atomic spectroscopy can be used to

obtain the oscilloscope-frequency conversion by measuring the time spacing between

known atomic transitions. For example, from the error signal obtained from MTS of

the D2 transition in 87Rb (Figure 3.6), the frequency spacing between the |F = 2 to

F
0
= 3| transition and the adjacent |F = 2 to F

0
= co(2; 3)| is known to be precisely

133.3 MHz [19]. The oscilloscope time spacing between the 2 known transitions on

the Rb error signal can then be used to calculate the time-to-frequency conversion

factor.
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Figure 3.6: Experimental error signal of 87RbD2 transition obtained from MTS.
The dotted lines on the error signal represent the zero-crossing points corresponding
to the atomic transitions and crossover levels in 87Rb.

3.4 Frequency response

In addition to the passive noise of a mechanical system, the frequency response

is also an important parameter in characterizing the operation of the system when

exposed to external sources of noise.

A full description of oscillations and resonance can be found in [20, 21]. Brie�y,

any mechanical system can be modelled as a damped oscillator with one or several

natural frequencies. In which case, the frequency response of a system can be

de�ned as the response of an oscillatory system when subject to an external stimulus.

Within frequency response analysis, �nding the natural frequency of the system

is paramount to analyzing the stability of a system. When an external stimulus

drives the system at the same period as the system's natural frequency, the transfer

e�ciency of energy from the driving force to the system is maximized, causing the

system to shake at a much greater amplitude than usual: this phenomena is referred

to as resonance. To derive the amplitude increase near resonance, a basic model

for analyzing the resonance of a system starts from considering a damped, driven

oscillating system. The equation of motion of such a system is generally written as
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follows:

m
d2x
dt2

= � m
 d
dx
dt

� m! 2
0x + F (t) (3.14)


 d and ! 0 represents the damping coe�cient and natural frequency of the system

respectively, andF (t) represents the driving stimulus being fed into the damped

oscillatory system. If we model external sources of noise as a periodic driving force

F (t) = ma sin(
 t) where
 corresponds to the driving frequency, the amplitude of

the driven system with respect to
 can be derived:

D =
a

q
(! 2

0 � 
 2)2 + ( 
 
) 2
(3.15)

Figure 3.7: Plot of amplitude (D) against driving frequency (
 ). Di�erent plots
correspond to systems with di�erent damping coe�cients.

Plotting Equation 3.15 allows us to observe the resonance of the system. It can

be observed that for a small damping coe�cient, the amplitude of the system's

oscillation increases drastically as
 tends towards! 0, demonstrating the increasingly

e�cient transfer of energy from the driving force to the system oscillation. While

certain systems operate near the resonant condition to maximise e�ciency, in general
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it is desirable to either introduce strong damping into the system, or to operate

mechanical systems far from the natural resonance to maintain stable operation.

Therefore, a stable cavity is either heavily damped, or preferably operated far from

any mechanical resonance such that the cavity does not oscillate resonantly and

increase the cavity noise.

Figure 3.8: Frequency response of a system with! 0 = 1kHz. The red line represents
the boundary between stable and unstable operation. To the left of the red line,
the amplitude of induced oscillations in the system is constant with respect to the
driving frequency, making the system predictably stable. This region is referred to
as thecontrol bandwidth .
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Chapter 4

Designing a near-concentric cavity
Previously, the choice of a near-concentric cavity con�guration was motivated

by obtaining a small mode volume from a relatively large-scale cavity. However,

this con�guration turns out to be extremely prone to misalignment. In this section,

the details behind correcting misalignment of a near-concentric cavity are explored,

along with an overview of the near-concentric cavity that we have designed for this

project.

4.1 Misalignment in a near-concentric cavity

As de�ned in Figure 2.5, a near-concentric cavity refers to a symmetric cavity

where the length is approximately two times the radius of the mirrors (L � 2R),

with a critical distance d de�ned as the distance between the centers of curvatures

of the two mirrors (d = 2R � L), where the concentric setup is achieved whend

= 0. A smaller d results in a smaller mode volumeV, which in turn results in a

larger atom-photon interaction strengthg0, hence it would be optimal to operate

the cavity at the smallestd achievable.

Figure 4.1: A near-concentric cavity operated at critical distanced, perfectly aligned
(left), and with transverse misalignment byh (right).The bold red line intersects
both centers of curvatures, which we can de�ne as the cavity optical axis.
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A near-concentric cavity is very susceptible to small misalignments between

the mirrors, causing rapid divergence of the cavity �eld. Figure 4.1 shows one

near-concentric cavity that is perfectly aligned, and one with a small transverse

misalignment. We can de�ne the cavity optical axis as the line that intersects the

center of curvatures of the 2 mirrors. For perfectly aligned cavity mirrors, the

optical axis passes through the centers of both mirrors. For cavities with small

transverse misalignment, the optical axis is rotated o�-centered from the mirror

centers: in which case, the incidence of the input beam will have to be shifted and

re-aligned with the cavity axis to recover the cavity modes. For a small transverse

misalignment, the cavity axis degree of rotation�� can be approximated as

�� =
h
d

(4.1)

whereh represents the transverse misalignment.�� gets larger asd decreases,

making the cavity much more susceptible to transverse misalignment as the cavity

approaches the concentric point.

Due to misalignment, movement of the mirrors in 3 orthogonal degrees of freedom

are required to align and operate a near-concentric cavity. One choice comes in the

form of � xyz� degrees of freedom: thez degree of freedom to change the length

of the cavity, and x,y degrees of freedom to correct the transverse misalignment.

The direct predecessor to this project (Revision 2 as referenced in Figure 1.3) uti-

lized a 3-axis �exural stage which allowed movement in all 3 directions by up to

50µm, therefore is able to correct any transverse misalignment within the movement

range of the �exural stage. However, Revision 2 encountered fairly large mechan-

ical noise, which was mainly attributed to the complex machinery in the �exural

stage. Hence, following revisions of the cavity should seek to utilize less complex ma-

chinery, yet still have enough movement range to correct for any small misalignments.

To achieve this, we propose an alternative method to looking at transverse

misalignments: for any small transverse displacement, we can approximate it as an

angular misalignment.
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Figure 4.2: The transversely-misaligned cavity (left) is tilted by�� (right) to realign
the cavity axis along the original axis (as in the perfectly aligned version)

Under this model, the small transverse misalignment can then be corrected by

applying a counter-tilt by �� onto one of the mirrors as shown in Figure 4.2:

�� =
h
R

(4.2)

Compared to Equation 4.1 whered is in µm scale,R is much larger, generally in

mm to cm scale. Thus, a large�� from a transverse misalignment can be corrected

by a relatively small �� tilt adjustment on the cavity mirrors.

Extending this mechanism into 3 dimensions, this means that rather than

adjusting x and y independently to account for the transverse misalignment, we can

combine control over thex and y degrees of freedom into the form of a tip-tilt system

to be applied onto the mirrors (henceforth referred to as the tip-tilt mechanism),

which therefore motivates a cage-like design.

4.2 Cavity Design

Size limitation - Before going into the cavity design considerations, a relatively

strict limitation of the cavity design lies in the choice of the cuvette used to place

the cavity in a vacuum system. For this experiment, the cuvette intended for use

has dimension of100mm x 25mm x 25mm. This constrains the overall length of

the cavity setup to < 25mm: this value needs to include not just the cavity length

(the distance between the mirrors), but also the width of the mirrors used, along

with the dimension of the cavity cage itself.
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